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It is shown that there exist infinitely many quadratic extensions of fields of 
rational functions in one variable over finite prime fields such that the ring of 
integers is a unique factorization domain. 
Let F = K(X) be a simple transcendental extension of a finite field K. 
Let E/F be a quadratic extension. In his dissertation, Artin [l] developed 
the arithmetic and analytic theory of such fields in the case when K is a 
prime field G.F.(p). Of special interest, in this theory, is the class number h, 
of the Decekind ring which is the integral closure in E of the ring K[X]. 
In two recent papers, S. Chowla [2] has obtained some results concerning 
the class number hX. He “presents a case where the famous conjecture 
of Gauss, that there are infinitely many real quadratic fields of class 
number 1, is proved in a parallel case in function-field theory, under the 
assumption of a very plausible conjecture in number theory.” He is 
interested in the class number hX of function fields of characteristic different 
from 2, defined by equations Y2 = f(X), wheref(X) is a quartic square-free 
polynomial over G.F.(p) of which the leading coefficient is a square. 
In this note, we show that there are infinitely many fields of this type, 
i.e., real quadratic fields, in the sense of Artin [I], of genus one with 
class number hX equal to 1. 
Before we prove this result, we make a remark concerning the definition 
of class number. The class number h of a function field over a finite field 
of constants is defined as the number of its divisor classes of degree zero. 
A relation between this invariant class number h and hx in terms of the 
regulator was obtained by F. K. Schmidt [6]. We shall use this relation 
to prove our 
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THEOREM. There exist it?finitely many real quadraticJields of genus one 
for ulhich the class mrwber hx is one. 
Prooj: It is well known that the Riemann Hypothesis for function 
fields is equivalent to the following inequality 
where N denotes the number of prime divisors of degree one, g is the genus 
and q is the number of elements in the base field K. It follows easily from 
the Riemann-Roth theorem that, for fields of genus 1, N is equal to h. 
Therefore, if K = G.F.(p) and g = 1, the inequality (1) reduces to 
1 h - (p + 1)i < 2 \,p. (2) 
This inequality is satisfied for h = p. We show that, for p larger 
than 3, this possibility is actually realized. From this our result will 
follow immediately. We consider the imaginary quadratic number field 
Z = Q(z/l - 4p) defined by the equation 
u2-u+p=o. (3) 
In Z, p decomposes as product of two different primes because the dis- 
criminant is congruent to 1 modulo p. Therefore, by a famous result of 
Deuring [3, p. 1991, the maximal order of Z is the ring of endomorphisms 
of a field of genus 1 defined over G.F.(p). The Frobenius map n of such 
a field satisfies Eq. (3) or 
because p larger than 3 implies the presence of only trivial units f 1 and 
norm n = p. Considering that p + 1 - h is the trace of the Frobenius 
map, the corresponding two possibilities for the class number are p 
and p + 2. Moreover, both these possibilities are actually realized; 
(see also [4], page 345). 
Let E be such a field with class number p. Let PI, P2 be two different 
prime divisors of E of degree one. It follows from the theorem of Riemann- 
Roth that there exists a transcendental element X such that its principal 
divisor (X) = APylP;l, where A is an integral divisor. For the field E, 
we have 
E = K(X, Y), y2 = fm 
wheref(X) is a manic square-free polynomial of degree 4, i.e., the extension 
E/K(X) is real. In this situation, the following relation is valid [6, p. 321 
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where r, is the smallest integer such that (P$$)“x is a principal divisor. 
The number r, is the order of an element of a groups of order p. It is 
larger than 1, because, otherwise, E would be equal to K(X) and have 
genus zero. Thus rx = p and hx = 1. We obtain, in this way, infinitely 
many fields with the desired property. 
Remark. Let E be a field of the type discussed above defined by the 
equation Y2 = f(X). If we extend the field of constants such thatf(X) splits 
into linear factors, then the class number of the corresponding Dedekind 
ring is no more 1. In fact, since 4 primes are ramified, it follows from 
Theorem 1 of [5] that the group of divisor classes of degree zero is not 
cyclic. Thus, r, is less than h and r,h, = h implies that hx is larger than 1. 
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